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A) The F i r s t  Fundamental Foiro
I f  we give a th re e  dim ensional su rface  a param etric  re p re se n ta tio n  
in  term s o f two param eters ,
Xi = Xj^(u,v), u i  ^ u  ^ u g ,  v^ f  V ar Vg, i  = 1 , 2, 3,
over a c lo sed  in te rv a l  then  th e  r e la t io n ,  0 (u ,v )  = 0 , determ ines a
curve on th e  su rfa c e . We can a lso  rep re se n t th i s  curve in  param etric  
form a s , u = u ( t ) ,  v = v ( t ) .
The v e c to r  dX/dt = x , where X = (x^ , Xg, x ^ ) , a t  a  p o in t P o f the 
su rfa c e , given by,
(1 -1 ) X = X^U + XyV,
i s  tan g en t to  th e  curve and th e re fo re  the  su rface . We can w rite  the
l a s t  equation  independent of th e  param eter as dX = X^du + X^dv, and,
f o r  th e  curve 0 (u ,v )  = 0 , th e  du and dv a re  connected by th e  r e la t io n ,
gf^du + p(ydv = 0 . Hence th e  r a t io  dv/du = i s  s u f f ic ie n t  to  give
th e  tan g en t to  th e  su rfa c e .
The d is tan ce  between two p o in ts  P and Q, on th e  su rface , i s  found 
2 ^by in te g ra t in g ,  ds = y  dx^dx^^ = dX'dX, along th e  curve and by sub-
i= l
s t i t u t i n g  th e  va lu es f o r  dX from ( l - l ) ;
(1 -2 ) ds^ = (x^du + Xydv)'(Xydu + x^dv) = Edu^ + 2Fdudv + Gdv^, 
where E = x^'X ^, F = x^ 'X ^, and G = x^'Xy.
This ex p ress io n , (1 -2 ) ,  i s  th e  f i r s t  fundam ental form o f the su rface  
and s in c e  ds i s  i t s  square ro o t and ds i s  th e  element o f arc le n g th , 
i t  fo llow s th a t  ( 1- 2) i s  always n o n -n eg a tiv e .
S ince ds^ = l /E  (Edu + Fdv)^ + (EG -  F^)/E  dv^ and E = x^^-x^> 0 ,
-  2 -
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p
we g e t, EG -  F -  0 , The LaGrange id e n t i ty ,
W "  %v)'(Xu '  *v) -  ' %u)(3v • V  -
2
which i s  equal to  EG -  F >  0 , g ives us th e  same r e s u l t .  We may a lso  
n o te  th a t  the param etric  cu rves , u = c o n s ta n t, and v = co n s tan t, are  
o rthogonal i f  and only  i f  F = 0; = F = 0.
B) The Second Fundamental Form
We n ex t co n s id e r  a p o in t  P on our su rface  and a curve G p assin g  
th ru  P, I f  t  i s  th e  u n i t  tan g en t v e c to r  o f C, then th e  cu rv a tu re  
v e c to r  k i s  equal to  d t /d s .  We can decompose k in to  k^, i t s  noimal 
component, and k^ , i t s  ta n g e n ta l component. The normal cu rvatu re  
v e c to r  kji can be expressed  as k^ = k̂ ^N, where i s  th e  normal 
cu rv a tu re  and N i s  th e  u n i t  su rface  normal.
From th e  equation  N 't  = 0 we o b ta in  by d if f e r e n t ia t io n  along 0:
i - «  =
(^ -3 )  ‘'n  = -  -
Since N and X a re  fu n c tio n s  of u and v which a re  dependent on 0 , 
and, w ith  the  a id  o f the  i d e n t i t i e s  dM = N^du + N^dv and dX = X^du + 
Xydv, we can w rite  (1 - 3 ) a s ,
(Xu'N^)du2 + + X^/Ny)dudv + (X^/NyjdvZ
% -------------------------------  r--------------------- , o r;
Edu^ + 2Fdudv + Gdv^
(1-1*) K„ -  edug + gfdudv + gdvg 2 f -
Edu + 2Fdudv + Gdv
ReprocJucecJ with permission of the copyright owner. Further reproctuction prohibitect without permission.
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-  and g =
X  ̂X
Since X^'N * 0 , X^’N = 0 and N = -t= = = ~ ,  we g e t e « X^^*N, f  =
Veg- f ^
X^^-N and g = X ^-N , o r  e = f  .  and g =
VEG-F^ "VeG-F^ VEG-F^
Thus we have th e  f i r s t  and second fundamental fo m s  of our su rface  
re s p e c tiv e ly  —
I  = Edu^ + 2Fdudv + Gdv^ = dX*dX
I I  = edu^ + 2fdudv + gdv^ = -  dX*dM.
Since the  expression  f o r  a t  a  p o in t P i s  r e a l ly  a fu n c tio n  of
dv/du on ly , a l l  curves p ass in g  th ru  ? on the  su rface  and tangen t to  th e
same d ire c tio n  have th e  same normal cu rvatu re  v e c to r
We can get a geom etrical in te rp r e ta t io n  o f the  second fundamental 
form by co n s id erin g  a tan g en t p lane a t  a p o in t P (u ,v) on our su rfa ce , 
a second p o in t Q(u + du,v + dv) of our su rface  and th e  p erp en d icu la r 
th ru  Q to  our tan g en t p lan e . The len g th  of th i s  p e rp en d icu la r i s  
approxim ately  equal to  §(edu^ + 2fdudv + gdv^), which comes from a 
T aylor expansion.
I f  we examine th e  behavior of th e  normal cu rvatu re  v ec to r  a t  P as 
th e  tan g en t d ire c tio n  v a r ie s  we see th a t  i t s  sign  depends on th e  second 
form on ly , (s in ce  d s > 0 ) ,  i . e . ,
1) I f  eg -  f^  >  0 a t  P we have an e l l i p t i c  p o in t ,  i . e . ,  th e  cen te rs  
o f cu rv a tu re  o f th e  normal se c tio n s  a l l  l i e  on th e  same sid e  of the  
su rface  w ith  re sp e c t to  the  outward drawn normal; fo r  example, an 
e l l ip s o id .
2) I f  eg - f2 = 0 we have a p a rab o lic  p o in t ,  i . e . ,  j u s t  l ik e  an
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e l l i p t i c  p o in t except th a t  in  one d ir e c t io n  » 0 ; f o r  example, a 
c y lin d e r ,
3) I f  eg -  < 0 we have a hyperbo lic  p o in t ,  i . e . ,  two a s sy n ç to tic
l in e s  where = 0 and changes d ir e c t io n ;  f o r  example, a hyperbolic  
p a ra b lo id ,
C) G aussian C urvature
The normal cu rv a tu re  in  th e  d ire c tio n  du/dv from equation  (1-U) i s
(1 -5 ) K -  gdT.2 _ s e t t in g  L = chr/du we g et
Edu + 2Fdudv + Gdv 
2
k = = k(L ). S e tt in g  d x /d l = 0 we get
E + 2FL + GL̂
(E + 2FL + G l2 )(f  + gL) -  (e  + 2fL + ^ ^ ) ( F  + GL) = 0 , o r
T herefore x s a t i s f i e s  th e  equ a tio n s;
(e - kE)du + ( f  -  xF)dv = ( f  -  xF)du + (g  -  xG)dv = 0 . 
E lim ination  o f k g ives a q u ad ra tic  form in  L;
(1—6) (Fg — Gf)L^ + (Eg — Ge)L + (Ef - Fe) = 0 , or
(1 -7 )
dv^ -dudv <iû
E F G
e f  g
= 0 .
This equation  deteim ines two d ire c tio n s  dv/du in  which k has 
extreme v a lu e s , (u n le ss  th e  second form van ishes o r i s  p ro p o rtio n a l to  
th e  f i r s t ) .  Let us denote th e  maximal value f o r  k as and the  
minimal value as X2» S tru ik  I I ,  pp. 80 1 *  shows th a t  th e  d ire c tio n s
* S tru ik  I 1 , pp. 80 1 r e f e r s  to  th e  b ib lio g rap h y  a t  the  end of the 
p ap e r, i . e . ,  pp. 80 in  the  f i r s t  l i s t i n g  under S tru ik .
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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f o r  which k has extreme va lu es a re  o rthogonal.
I f  we use th e  l in e s  o f cu rv a tu re  on th e  su rface  which we get by- 
in te g ra t in g  (1- 6 ) o r  ( 1 - 7) as our param etric  l i n e s ,  i t  n e c e s s a r ily  
fo llow s from o rth o g o n a lity  th a t  F = 0 and f  = 0 and equation  (1 -5 ) 
tak es  th e  form;
(1- 8 ) K .  ^
Edu'^ + Gdv^ \d s j [ds/
By f i r s t  s u b s t i tu t in g  du = 0 , then  dv = 0 , we g e t = —, ^2 “
E G
I f  we c a l l  0 th e  angle between dv/du and th e  cu rvatu re  d ire c tio n  6v = 0:
cos 0 = —Edu6u and s in  ©
—r r  ds ds
dsV E8u^
Hence (1 -8 ) becomes, k = x^cos^© + XgSin^Q,
The va lu es f o r  and Xg can be found by s u b s t i tu t in g  in  ( l-5 a )  th e  
va lu es f o r  L found in  (1 -6 ) . However we may note th a t  (Ex -  e) +
(Fx -  f)L  = 0 and (Fx -  f )  + (Gx -  g)L = 0 can be s a t i s f i e d  i f  and only 
i f
Ex -  e Fx -  f
Fx -  f  Gx -  g = 0 .
This equation has two ro o ts  f o r  x , (x̂  ̂ and xg ), and from th is  we 
d e fin e ;
2
K » K-)K- » which i s  c a lle d  th e  Gaussian cu rv a tu re .
EG -
G eom etrically  we can in te r p r e t  th e  Gaussian cu rvatu re  a t  a p o in t 
P (u ,v ) of our su rface  as being  th e  p roduct of th e  maximum and minimum 
cu rv a tu re s  of a l l  th e  curves found by tak in g  normal se c tio n s  th ru  P.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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Some examples of su rfaces  o f co n stan t n eg a tiv e  Gaussian cu rv a tu re  
a re  ca ten o id s o f rev o lu tio n :
F ig . 1)
+ 00
a) b) c)
¥e  may define  a geodesic as th e  curve having the  s h o r te s t  d is tan ce  
between two p o in ts  and a geodesic mapping as a mapping th a t  p rese rv es  
geodesics. A theorem due to  B eltram i, (see S tru ik  E 1 , pp. 178 3 ) , 
s ta te s  th a t  th e  only su rfaces  which can be geodesic a l ly  mapped onto th e  
p lane o r  a subregion o f i t  are  su rfaces  of co n stan t Gaussian cu rv a tu re .
We can in troduce  a geodesic p o la r  coord inate  system on our su rface  
such th a t  u = arc  len g th  measured along a geodesic and v = the  angle 
between th e  geodesic and an i n i t i a l  d ir e c t io n . On our su rface  of 
c o n s tan t nega tive  cu rvatu re  we can s e t  K = -1 because we can s e le c t  an 
a r b r i t r a r y  u n i t  of le n g th . Now we can a s s e r t ,  (s in ce  f o r  geodesic 
p o la r  coo rd in a tes E = 1 and F = 0 ) ,  ds^ = du^ + Gdv?
From Gauss' Theoroma Egregium, (see  Blaschke [ 1 , pp. 93 ] ) ,  which 
says th a t  the  Gaussian cu rvatu re  i s  a  bending in v a r ia n t;  i . e . .
K = {_2H 1 bu F_ ^  EH bv 1 bGl ^ b [2 bF 1 bE F bEl \-  H 1:  b^ -  H b^ -  ËH bEj r
1where H? = EG -  F^, we get K  --------- 5 = -1 , which i s  o f th e  form
-Vg  bu^
- 0  = 0 where 0  =Vg, This d i f f e r e n t ia l  equation has a so lu tio n  of
bu
-7 -
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
- 8 -
th e  form: 0  = A(v)cosh u + B (v )sinh  u . But f o r  u = 0 , by th e  n a tu re  of
p o la r  co o rd in a te s , 0  = 0 ,  which iirp lie s  th a t  A(v) = 0 .
Next we note th a t  f o r  p o la r  co o rd in a tes  in  th e  p lan e , ds^ = dr^ + 
r^de^ , which im p lies th a t  i f  we expand G about (u ,v )  * (0 ,0 ) in  a power 
s e r ie s ,  we get
G = + • • •
0  =1̂  = u + • * •
and sin ce  th e  power s e r ie s  expansion of s in h  u i s  of th e  form, s in h  u = 
u + • * • , we see th a t  B(v) = 1 o r 0  = s in h  u and ds^ = du^ + 
s in h ^ d v ^ .
¥e w ish to  in tro d u ce  ç and 0 as new param eters so th a t  ds^ =
w(dç^ + Q^d©^). We t r y  p = p(u) and 0 = v .
ds^ =^— + s in h ^ i(p )d 0^
^ ( d ç 2 + ç2 d©2)(ç>! )^sinh^u(ç)
( * ' ) " .........................
Now we t i y  to  f in d  a ç(u) such th a t   ̂ = 1 o r &
o r = —lit  . By in te g ra t io n  we get lo g  p = log  tanh  u /2
s in h  u p s in h  u
which im p lies th a t  p = tanh  u /2 . Hence w = l / ( p ' ) ^
-  -  g-u/Z  -  1
e^ + 1
I = (e^ + l ) e ^  -  (e^ -  l ) e ^  ^ e^^
^ (e% + 1)2  “ (e^  + 1)2
2(e^/^)2  -I
|q u /2  + g -u /2 j^ 2 2cosh^ u /2
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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But cosh^u/2 -  sinh^u/2  = 1 . 1 -  tanh^u/2  = -------- «—■ = 1 -  o^,
cosh ^u/2
li.cosh\i/2  = ------ —
(? ' )2  (1 -  ?2)2
T herefore ds^ = -— - — (dp^ + ç^dQ^). Let x = pcosO and
j  = çsinO and we g e t,
( 2- 1 ) d s2 .  .
C l -  (x^ + y^)3^
I f  we in v e s t ig a te  th e  geodesics on our su rface  w ith  th i s  l in e
elem ent, we see th a t  i t  i s  defined  f o r  the  i n t e r i o r  o f th e  u n i t  c i r c le
and becomes i n f i n i t e  a t  the  boundaiy. As we s h a l l  see l a t e r  (se c . I l l ,
pp. lU) the  tran sfo rm atio n s which map l zl < 1 onto i t s e l f  and leave our
l in e  elem ent in v a r ia n t are  of th e  form
w = e^® — ——  , 0 -  0 ^ 2t t, lal < 1
1 -  az
ad jo ined  by w = z . A simple computation shows th a t  
Idwt  ̂ Idzl^
(1 -  l« |Z )2 ^  _ | s | 2)2
and th e re fo re  i t  transform s
geodesics in to  geodesics. Now suppose we want to  f in d  a geodesic th ru  
Zq in  a given d ire c t io n . By means of a tran sfo rm atio n  of th e  above 
type we can map z^ in to  0 and our given d ire c tio n  in to  the d ire c tio n  of 
the  r e a l  x - a x is .
Since w = ẑ  i s  one o f our tran sfo rm a tio n s , our d ire c tio n  — once 
s ta r t e d  on th e  r e a l  ax is  — must remain th e re  j o therw ise we would have 
two geodesics th ru  a given p o in t in  a  given d ire c tio n , which i s  a  
c o n tra d ic tio n  to  the  uniqueness o f geodesics. Since th e  above
ReprocJucecJ with permission of the copyright owner. Further reproctuction prohibitect without permission.
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tra n s fo n n a tio n s  a re  c i rc le -p re s e rv in g  and an g le -p re se rv in g  th e  in v e rse  
image o f th e  r e a l  ax is  under our mapping fu n c tio n  i s  found to  be an arc  
o f a  c i r c le  orthogonal to  and in s id e  the  u n i t  c i r c le .
The u n i t  c i r c le  w ith  geodesics defin ed  as a rcs  of c i r c le s  orthogo­
n a l to  and in s id e  i t ,  to g e th e r  w ith  the  above l in e  element i s  c a lle d  
th e  hyperbo lic  p la n e .
I f  we use  complex n o ta tio n  we can w rite  (2-1) as
2  I d a  I(2- 2) ds =
1 -  | z |2
and i f  ye co n sid er th e  d is ta n c e  from 0 to  r  where 0 ^  r  < 1 then  the  
kQrpeitblic d is ta n c e ,
-r r Y
(2 •3) Ej^(0 , r )  = r  do- = r  — = lo g
■̂ o -u 1 -X 1 -
r
r
F ig . 2
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
-11-
Thus th e  problem o f study ing  curves on a su rface  of constan t 
n e g a tiv e  Gaussian cu rvatu re  re so lv e s  to  study ing  th e  behav io r o f t h e i r  
geodesic images in  th e  hyperbo lic  p lan e .
F ig . 3)
,S
a) b) c)
Nowj in  g en e ra l, i f  we w ish to  f in d  the  d is ta n ce  between two 
p o in ts  in  th e  P oincare model, say Zj^ and Z2 , we can perform  th e  Moebius 
tran sfo rm atio n  w = e^®
z -  z^
which tak es  z-ĵ  in to  0 and Z2 in to  Z2 '
-ÎÛ ■" *1giw ,  ̂ which w ith  th e  p ro p er choice o f Ô i s  a r e a l  number such
1 —
th a t  0 <  Zg* <  I j  (we r e c a l l  th a t  t h i s  tran sfo rm atio n  p rese rv es 
t ^ e i b o l i c  d is ta n c e  as was no ted  in  sec . I I ,  pp. 10 ).
1 + Z 2 '
Now, E n(z i,Z 2) = E^(0 ,Z2 ' )  = lo g
1 - Z2 '
jZg -  z^i
o r , Z2 ' “ tan h  ■|E^(z^,Z2 ) =   %---- 1> which gives us a form ula
1 — Z2%2
f o r  f in d in g  th e  d is ta n c e  between any two p o in ts  o f the  t^i^perbolic p lane, 
This g ives us th e  hyperbo lic  d is tan ce  in  th e  Poincare model (F ig . 3c)
( 2-U) V ^ , B )  = lo g AR-BS 
BE* AS
I f  we co n s id e r th e  case where A i s  0 and B i s  a r e a l  number
1 -  Bbetween 0 and 1 , we have = lo g
1 + B
which i s  in  accord w ith
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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(2 -3 ) .
I f  we have a  c i r c le  and chords o f th a t  c i r c le  described  in  th e  
E uclidean  sen se , (F ig . 2 ) , we can p ro je c t  them onto a hemishpere of 
equal rad iu s  by a p a r a l l e l  p ro je c tio n . N ext, i f  we p ro je c t  th i s  
hemishpere back onto th e  p lane  by a s te reo g ra p h ic  p ro je c tio n  from th e  
n o r th  po le  o f th e  sphere , we g e t a  c i r c le  again  and th e  l in e s  th a t  were 
chords o f our o r ig in a l  c i r c le  become a rc s  o f c i r c le s  orthogonal to  the  
image c i r c l e .  This image c i r c le  i s  th e  Poincare model of th e  Ig rp e ito lic  
p la n e .
I t  i s  easy to  see th a t  th e re  i s  a one-to-one correspondence 
between th e  a rc s  in  and p e rp en d icu la r  to  th e  image c i r c le  and th e  
chords in  our o r ig in a l  c i r c l e .  Hence th e  sta tem ent th a t  any two p o in ts  
of our o r ig in a l  c i r c le  can be connected by one and only one chord, 
im p lies  t h a t  t h e i r  image p o in ts  can be connected by one and only one 
a rc  o f our image c i r c le  th a t  i s  p e rp en d icu la r  to  i t .
This double p ro je c tio n  can be shown, (H ilb e r t & Cohen-Vossen 
t 1 , pp. 25U-6 ] ) ,  to  be b o th  c irc le -p re s e rv in g  and an g le -p reserv in g , 
i f  we co n sid er d iam eters to  be sp e c ia l cases o f c i r c le s  w ith  in f in i t e  
r a d i i .  Under t h i s  c o n s tru c tio n , H ilb e r t says, i t  can be deduced from 
th e  theorems of p ro je c t iv e  geometry t h a t .
^  f ig u re s  3b) and 3c) above.
Hence i f  our su rfa ce  has co n s tan t n eg a tiv e  Gaussian curvatu re  then  th e  
geodesic d is tan ce  between F and Q of our su rface  (F ig . 3a) i s  given by
th e  form ula, E^(P,Q) = E^(A' ,B ' ) = | A »R'-B 'S'lo g
B 'R '*A 'S ’
, in  F ig . 3b,
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where A* and B’ a re  th e  image p o in ts  under a geodesic mapping to  th e  
u n i t  c i r c l e  of P and Q re s p e c tiv e ly .
Retunodjagvto ( 2-b) we may no te  t h a t ,  from p ro je c tiv e  geometry, the 
c ro ss  r a t io  i s  in v a r ia n t  under r ig id  m otions, and hence th i s  i s  an 
eq u iv a le n t way of exp ressing  our m e tr ic .
We may a lso  no te  th a t  eve iy  p o in t on a su rface  o f co n stan t nega tive  
cu rv a tu re  i s  a ] r ^ e i t o l i c  p o in t and hence th e  name, hyperbo lic  ^ o m e try .
I I I
a) Moebius T ransform ations
The Moebius tra n sfo rm a tio n s , sometimes c a lle d  th e  f r a c t io n a l  l i n e a r  
tran sfo rm a tio n s , which map th e  complex z-p lane onto th e  complex w-plane 
a re  o f  th e  form
w » — , ad -  be /  0 .
cz + d
I f  c * 0 we g e t a mapping of th e  e n t i r e  z-p lane onto th e  e n t i r e  
w -plane. I f  c /  0 we g e t a mapping of th e  z-plane. (punctured a t  -d /c  
which maps in to  w » oo ) onto th e  w-plane (punctured  a t  a /c  which i s  the  
image o f z = oo).
We may no te  th a t  th e  t o t a l i t y  o f a l l  Moebius tran sfo rm atio n s form 
a  groupj Cartheodory £ 1 , pp. 22 3 , I f  we use th e  n o tio n  th a t  s t r a ig h t  
l in e s  th ru  th e  o r ig in  a re  c i r c l e s  w ith  c e n te r  a t  oo , Cartheodory C 1 , 
pp. 2ii 3 shows th a t  Moebius tran sfo rm atio n s  a re  c irc le -p re s e rv in g . I f  
we ad jo in  w = ?  to  th e  Moebius tran sfo rm a tio n s , our new c la s s  of 
fu n c tio n s  com pletely c h a ra c te r iz e s  th e  t o t a l i t y  o f a l l  c irc le -p re s e rv in g
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tra n s fo rm a tio n s , i . e . ,  we have th e  fo llow ing  theorem from Cartheodory 
[ 3 ] .  L et th e  i n t e r i o r  o f a c i r c le  o f th e  z -p lan e  be mapped one- 
to -o n e  onto a c e r ta in  s e t  A o f p o in ts  o f th e  w -plane, in  such a  way 
th a t  eveiy  c i r c l e  k con ta ined  in  th e  i n t e r i o r  o f k^ i s  mapped onto a 
c i r c l e  k con tained  in  A. Then th e  mapping can be rep resen ted  by e i th e r  
a  Moebius tran sfo rm atio n  o r a Moebius tran sfo rm atio n  ad jo ined  w ith  
w = z and i s  th e re fo re  c irc le -p re s e rv in g .
The rem arkable th in g  here i s  th a t  we do n o t even assunie th e  
mapping to  be con tinuous, y e t  i t  fo llow s th a t  i t  i s  e i th e r  a n a ly tic  
o r  a n a ly tic  follow ed by an in v e rs io n .
The Moebius tran sfo rm atio n s
(3 -1 ) w = e^® —------ , 0 ^ 0 ^  2rr, | a |  <  1
1 -  az
map the  u n i t  c i r c le  onto i t s e l f .  This i s  an immediate consequence of 
th e  f a c t  th a t  f o r  z = e^^
j l  -  a z j  = [ l  -  ae^(^| = | e " ^ 0 ( l  -  a e ^ ^ ) |  =  â |
* |e^0- a I = |z  -  a | = |a  -  z | .
N ehari C 1 , pp. I6ii ] shows th a t  (3-1) i s  the most general Moebius 
tran sfo im a tio n  which maps th e  u n i t  c i r c le  onto i t s e l f ,  and i f  we 
determ ine th e  p o in t  a , to  which w = 0 i s  to  correspond and the  argument 
9 o f th e  d e r iv a tiv e  o f th e  mapping fu n c tio n  a t  th e  p o in t z = a ,  then 
th e  mapping i s  un ique ly  determ ined.
These tran sfo rm atio n s  form th e  group o f hyperbo lic  r ig id  motions 
(see  H ilb e r t & Cohen-Vossen E 1 , pp* 2 $ k  3 ) .  % p e rb o lic  r ig id  motions 
leav e  hyperbo lic  d is tan ce  in v a r ia n t  and are  an g le -p re se rv in g .
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B) R ig id  Motions
In  genera l we may th in k  o f r ig id  m otions as  tran sfo rm atio n s  th a t  
le av e  d is ta n c e  and an g les , (b u t n o t n e c e s s a r i ly  t h e i r  se n se ) , in v a r ia n t.
We may now a s s e r t  th e  fo llow ing  theorem : I f  we have a  d is tan ce
p re se rv in g  tran sfo rm atio n  th a t  i s  one-to -one , then  th e  tran sfo rm atio n  
can be expressed  as a t r a n s la t io n ,  r o ta t io n ,  in v e rs io n  o r  a  com bination 
th e re o f .
P roof: Consider th e  group of c irc le -p re s e rv in g  tran sfo rm atio n s
w = ■ , ad -  be /  0 , and ad jo in  w » s’,
cz + d
Our tran sfo rm atio n  i s  n e c e s s a r i ly  a  member of th i s  group by v ir tu e  
o f  C artheodory 's  Theorem (see  p rev ious page). D istance p rese rv in g  
im p lies  w ■ oo corresponds to  z » oo o r  in  o th e r  words c = 0 . 
T herefore our tran sfo rm atio n  ta k e s  th e  form w = a 'z  + b ' o r w = 
a 'z  + h ’ . D istance p re se rv in g  a lso  im p lies th a t  | a ' |  = 1 , i . e . ,  a ' 
i s  a r o ta t io n ,  b ' i s  a t r a n s la t io n  and w = z i s  an in v e rs io n .
. e . d .
A nother way o f th in k in g  o f a t r a n s la t io n  would be as th e  sum of 
two in v e rs io n s  about p a r a l l e l  l i n e s ,  i . e . ,  about th e  p erp en d icu la r 
b i s e c to r  o f th e  l in e  jo in in g  z = 0 and i t s  image p o in t,  follow ed by 
an in v e rs io n  about a l in e  th ru  th e  image p o in t and p a r a l l e l  to  the  
f i r s t .  We can a lso  th in k  o f a ro ta t io n  as th e  sum of two in v e rs io n s , 
i . e . y co n s id e r a  p o in t  a o f d is ta n c e  a  from z = 0 and a ' ,  i t s  image 
p o in t ;  fdrm th e  p e rp en d icu la r  b is e c to r  o f the  l in e  jo in in g  a  and a* and 
perform  th e  f i r s t  in v e rs io n  about i t .  C onstruct th e  l in e  from 0 to  a '
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and perform  th e  second in v e rs io n .
H ilb e r t  [ 1 , pp . 2 $ ^  1 a s s e r ts  th a t  a r ig id  motion can be 
c h a ra c te r iz e d  by a t  most th re e  su ccessiv e  In v e rs io n s .
C) The Schwartz Lemma
In  a n a ly tic  fu n c tio n  th eo ry  we have th e  v ery  u s e fu l r e s u l t  known 
as th e  Schwartz Lemma, i . e . ,  l e t  th e  a n a ly tic  fu n c tio n  f ( z )  be re g u la r  
in  the  u n i t  c i r c le  |z  l - c l  and l e t  f ( 0 )  = 0 . I f ,  i n  | z | < l ,  ( f (z ) j ^  1 
then  | f ( z ) |  ^  |z  I < 1; where e q u a li ty  can ho ld  only  i f  f ( z )  = Kz where
k | » 1 .
P roof: The fu n c tio n  f ( z ) / z  i s  re g u la r  a t  z * 0 and th e re fo re
throughout th e  u n i t  c i r c l e .  I f  0 <  r  <  1 i t  then  fo llow s from 
|f ( z ) | ^  1 and th e  maximum p r in c ip le  ( i . e . ,  i f  f ( z )  i s  re g u la r  in  
a  domain then  { f(z ) | cannot a t t a i n  i t s  maximum a t  an i n t e r i o r  p o in t 
o f th e  domain u n le ss  f ( z )  = co n s tan t)  th a t
^ p  , |z | c  r  and sin ce  r  can be a r b r i t r a r i l y  c lo se
to  1 i t  fo llow s th a t f ( g )z ^ 1 f o r  I z I 1.
L et us e s ta b l is h  an in v a r ia n t  fo rm ula tion  o f th e  Schwartz Lemma as 
fo llow s : l e t  f ( z )  be a re g u la r  a n a ly tic  fu n c tio n  such th a t  | f ( z ) |  ^ 1  
f o r lz l  < 1 and l e t  fCz^) * w^. I f  f ( z )  jé 1 then i t  fo llow s th a t
— £ l î l  = —  5 g (z ) , where g(z) s a t i s f i e s
1 -Wof(z) 1 -  SqZ
th e  co n d itio n s  o f f ( z )  above and g (z) tak es  on th e  value 1 on |z |  = 1 . 
This im p lies  th a t
Wo -  f ( z ) %0 -  z
1  -  Wq^Cz) 1  ZqZ
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From our form ula f o r  hyperbo lic  d is ta n c e  ( s e c . I I ,  pp . 11) we can 
w rite  t h i s  a s ,  tanh§E^(wQ,w) ^ tanh^E^Cz^,®)} o r  s in ce  tanh  i s  a  
monotone in c re a s in g  fu n c tio n , E^Cwg, w) ^  E jj(zq ,z ). Thus we a r r iv e  
a t  P ic k 's  Theorem: Any fu n c tio n  f ( z )  which i s  re g u la r  and a n a ly tic  in
I z I <  1 , such th a t  |f ( z ) | ^  1 , r a s ^ s  th e  u n i t  c i r c le  onto i t s e l f  o r  p a r t  
o f  i t s e l f  i n  such a  way th a t  th e  non-Euclidean d is tan ce  between two 
imago p o in ts  under th e  mapping n ev e r exceeds th e  non-Euclidean d is tan ce  
between t h e i r  p re-im ages. I f  th e  two a re  equal f o r  even one p a i r  o f  
p o in ts  th en  th e  mapping i s  a  hyperbo lic  r ig id  motion.
Now we can co n s id e r a  s e c t io n a lly  smooth curve Gg whose equation  
z » z ( t )  i s  singpLe-valued in  iz i c l .  We can defin e  i t s  le n g th  Lg a s ,
w
Lg * l . u . b .  /  E ^ ( o v e r  Cg from t^  to  t^  idaere
i*0
z = z ( t )  and t^  ^ t  ^ t ^ .  A nother way we can exjaress th e  le n g th  o f  Cj
(dsi e ,
^z “ ds ■Ir- |zl 2 *
^z ^z
I f  we d efin e  w « f (z )  as  in  th e  p rev ious theorem and rep re sen t th e  
image o f  Cg as th en  i t  fo llow s th a t ,
N
Ljy = l . u . b .  \  over C^. And by v ir tu e  o f th e
i=0
p rev ious theorem .
Thus we have th e  fo llow ing  theorem : I f  f ( z )  i s  a re g u la r  a n a ly tic
fu n c tio n  in  |z  | c l  and lf(z ) | ^  1 , then  i t  maps every c lo sed  ( in  th e  
p o in t  s e t  sense) a rc  o f f i n i t e  le n g th  in to  A s im ila r  a rc  in  |w I c  1 in
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a way th a t  ^ L̂ , where i s  th e  le n g th  o f th e  image a rc  and i s
th e  le n g th  of th e  preimage a rc . The e q u a li ty  holds only  f o r  a 
h y p erb o lic  r ig id  motion.
17
The Bergman Kernel Function
In  th e  e a r ly  1920’s S te fan  Bergman in v e s tig a te d  th e  p ro p e r tie s  of 
o rthogonal fu n c tio n s  o f a complex v a r ia b le . He found t h e i r  behav io r to  
be s u b s ta n t ia l ly  d i f f e r e n t  from orthogonal fu n c tio n s  of a  r e a l  v a r ia b le . 
In  p a r t i c u la r  he d iscovered  a rem arkable reproducing k ern e l fu n c tio n . 
L et D be a bounded domain and l e t  be a complete system of
orthonorm al fu n c tio n s  in  D. We define  th e  k e rn e l o f the  system;
00
K (z ,z ')  = y
n=l
We define  L^(D) as th e  s e t  o f a l l  a n a ly tic  fu n c tio n s  such th a t  the
|f ( z ) | ^dxdy i s  f i n i t e .
I t  fo llow s from th e  Riemann Mapping Theorem (see fo llow ing  se c tio n )
o + f k othat any bounded simply-connected domain has a. complete Anormal set
{0jj^(z}} , s in ce  th e  s e t  z^ i s  complete in  the  u n i t  c i r c le .
/
N ehari C 1 , pp. 2^1 3 shows th a t  K (z ,z) i s  ab so lu te ly  and 
un iform ly  convergent in  any subdomain of D, and th a t  K (z,z) i s  in  
l f (D ) .
The fo llow ing  a re  p ro p e r tie s  o f the  Bergman Kernel Function
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
-19-
(see  Bergman I I ]  and N ehari I I ,  ch. se c . 10 ] ) :
1) I t  has th e  reproducing p ro p e rty  th a t  i f  f ( z )  i s  in  I^(D ) then  
r r
f ( z ) K ( z , z ’ )dxdy = f ( z ' ) .
D
2) I t  i s  unique, i . e . ,  th e re  e x is ts  only one reproducing kernel 
fu n c tio n  in  L^(D) f o r  a given domain o r , in  o th e r  words, i t  i s  
independent of th e  o f th e  s e t  {0^(z)} th a t  we u se .
3) I f  D i s  a bounded sim ply-connected domain w ith  more than  one 
boundary p o in t and w « f ( z )  = f ( z , z ’ ) i s  th e  a n a ly tic  fu n c tio n  which 
maps D onto the u n i t  c i r c le  in  such a way th a t  f ( z ’ ) = 0 ,  ( z ' in  D), 
and f  ’ ( z ‘ ) ^  0 then
f ' C a )  =' -K (z,z ' ) .
'K ( z ', z ')
H) I K (z ,z ) ]“^ i s  th e  minimum value of lf(z ')!^ d w  w ith f ( z )  = 1 ,
D
and th e re fo re  f o r  D' a s c h lic h t  subdomain of th e  s c h lic h t domain D
, r f
Kd( z » ,z) 2
dw ^
r
Kd( z ' , z) 1
)  - K o(z,z) Kjj(z,z)Kj5 ,(z , z)
D' D
CU-1) K ^(z,z) -, K j^ ,(z ,z).
9) K (z,z) i s  always p o s i t iv e  a t  i n t e r i o r  p o in ts  and th e re fo re  we can 
d e fin e  our m etric  a s , ds^ = K (z,z) Idzl^ . I f  we map D conform ally onto 
D' t h i s  m etric  i s  an ab so lu te  in v a r ia n t i f  we use th e  k ern e l belonging 
to  D' to  measure d is tan ce s  in  D ', i . e . .
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(U-2) ds ,2 = K ,(w,w) |dw|2 = l L ^ { z , z )
D'
Kj3 ,(w, w) = Kj^(zjz)
D
dz
dz
dw
Idwl 2 = dSj^2 -w here
dw
im plies th a t  th e  k e rn e l i s  a r e la t iv e  in v a r ia n t.
This m e tric  i s  monotone, i . e . ,  i f  D’ i s  con tained  in  D and bo th  a re  
s c h l ic h t  domains in  which ds* and ds are  th e  le n g th  elem ents re sp e c tiv e ly  
th e n , d s ’ ^ ds, where e q u a li ty  holds only fo r  co inc iden t domains.
I f  D and D' are  bounded by more than  one p o in t and a re  sim ply- 
connected, th e re  e x is ts  by th e  Riemann Mapping Theorem an a n a ly tic  
fu n c tio n , w = f ( z ) ,  which maps D conform ally onto D*. Let D be the  
u n i t  c i r c le  and D* be a subdomain o f th e  u n it  c i r c l e ,  then
CO
Kj3( z ,z )  = Ç  ^ 2  (n + l ) |z |2 n  = |
n=0
, _ Idzl
'  # ( 1  -  lz |2 )
(1 -  lz |2 )2
and
which we no te  i s  th e  same, w ith  th e  exception  of th e  constan t 2TT , as 
th e  non-Euclidean le n g th  elem ent (2 -2 ) .
From (li-1) we g e t (w,w) -  K^(w,w), which by (U-2) becomes
Kjj(z,z) dzdw -  K^(w,w), o r
KjjCzjz) Idzl 2 -  K^(w,w) |dw| 2j which im p lies th a t
Idzl
D 
Idwl
1  -  l z | 2  1  -  | w | 2
which we no te  i s  in  accord w ith  P ic k 's  Theorem (sec . I l l ,  C).
I f  we c a lc u la te  th e  Gaussian cu rvatu re  K f o r  our m e tric , i . e . ,
E = G = C 1f(l -  x2 -  y2)2 F = 0 , we get K = -Uv. Bergman [ 1 3
shows th a t  K i s  a co n stan t only in  a s c h lic h t  sim ply-connected domain
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L et us r e s t r i c t  ou rse lves to  a domain in  which we can co n s tru c t 
c i r c l e s ,  tan g en t to  the  boundaiy f o r  ev e iy  p o in t o f th e  boundaiy, bo th  
in  th e  i n t e r i o r  and in  the  e x te r io r  o f th e  domain. Next l e t  us 
c o n s tru c t a co o rd in a te  system as in  
F igure k -  We f in d  th a t
lim  ipc%T^(z,z) = 5
Z - *  o ^
which shows th a t  th e  k e rn e l fu n c tio n  
becomes i n f i n i t e  as th e  second power 
o f th e  re c ip ro c a l d is tan ce  from th e
boundaiy and th e  le n g th  elem ent becomes in f i n i t e  as th e  re c ip ro c a l 
d is ta n c e  from th e  boundary. The boundaiy p o in ts  a re  in f in i t e ly  
d is ta n t  in  our m e tric .
Thus we see th a t  a Bergman m etric  in  an a r b i t r a r y  bounded s in g ly -  
connected domain i s  j u s t  a g e n e ra liz a tio n  of th e  hyperbolic m etric  in  
th e  u n i t  c i r c le .
V
The Eiemann Mapping Theorem
Theorem: A p lane sim ply-connected reg ion  D whose boundaiy
c o n s is ts  o f more than  one p o in t  can be mapped conform ally onto a 
subregion o f th e  u n i t  c i r c le  Q^.
C onsider p (z ) -----  where a  and b a re  boundaiy p o in ts  and b oo.
Iz -  b
_ /zn — â /zp “ a
p (z )  i s  u n iv a le n t. I f  i t  w e re n 't ,  1 /-----------  = \ l ---------  im plies
V z| -  b Yzg -  b
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-  a %2 -  a
, which im p lies th a t  = Zg* P(z) cannot take  on
^1 ” Z2 — b
- a
bo th  th e  values m and -m, because i f  i t  could; U —   = m and
b
i zg — a p — a Z2 — a---------- = -m imply m  -     =  — , which im plies z-t = Zp,Zo -  b Zn -  b z« -  b X  iL2 " D — u ^2
p (z ) w i l l  map a reg ion  D w ith  a t  l e a s t  two boundary p o in ts  in to  a 
subregion D» of th e  z '- p la n e .  The only s in g u la r i t ie s  of p (z )  are  
a and b which a re  n o t in  D. Hence p (z )  i s  re g u la r  a t  a l l  p o in ts  of 
D. From th e  Monodromy Theorem (N ehari I 1 , pp. 108-9 ] ) i t  i s  a lso  
s in g lev a lu ed  th e re ,  i . e . ,  an a n a ly tic  fu n c tio n  which i s  re g u la r  in  
a sim ply-connected domain i s  a lso  s in g lev a lu ed  th e re . Now, suppose 
th a t  th e re  e x is ts  a p o in t z^ o f th e  z ' -p lane  such th a t  z^ i s  n e i th e r
a boundaiy p o in t no r an i n t e r i o r  p o in t of D '. Then we can co n s tru c t
a c i r c le  Q’ of ra d iu s  c about such th a t  no p o in t in  o r on Q* i s
an in t e r i o r  o r  boundary p o in t o f D*. C onsider
fg (z )  w i l l  c a rry  Q' in to  and th e  e x te r io r  of Q* in to  th e  in t e r i o r  
o f Qq.
Now we co n s id e r th e  problem o f mapping a p lane sim ply-connected 
reg ion  which l i e s  in s id e  onto i t s e l f .  We assume 0 i s  in  S^.
I f  i t  w e re n 't we could  perform  a Moebius tran sfo rm atio n  (3-1) which 
would c a n y  an a r b i t r a r y  p o in t of Sq in to  0 and s t i l l  leave w ith in
Qo •
We s h a ll  f in d  a mapping which c a r r ie s  in to  i t s e l f  and Shinto  8^
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such th a t  th e  d is ta n c e  between 0 and any p o in t Zq o f Sq i s  l e s s  than 
th e  d is ta n c e  from 0 to  z ^ 's  image p o in t in  S im ila r ly  from 6^
in to  Sg and from 8^ in to  S^^^. By ta k in g  th e  l im i t  o f th ese  fu n c tio n s  
we s h a l l  f in d  a mapping o f 8^ onto Q^.
L et be an i n t e r i o r  p o in t o f and an e x te r io r  o r  boundary
p o in t o f Sq . Consider th e  mapping from th e  z-p lane  to  the  z^-p lane;
b ^
s = ° j t  = Vs" , z i  = = - *   , 1 -  '5’c >  0 ,
-bç z + 1 c t  + 1
where c i s  chosen so th a t  z = 0 maps to  z^ = 0 . S ince s i s  never zero
for z in Sq, we may choose a singlevalued branch of Vs, by the
Monodromy Theorem. The com position i s  u n iv a le n t by an argument
s im ila r  to  the  one used f o r  p (z ) .  A sim ple c a lc u la tio n  shows th a t
c = -i^Q . We nex t re q u ire  th a t  th e  d e r iv a tiv e  be r e a l  and p o s it iv e
a t  the  o r ig in . We can do th i s  by in s e r t in g  a f a c to r  e^® in  th e  inverse
mapping
z i  + -2 i5 ^
^ B z. + 1 '  " 1 + b b7o 1 o o
which amounts to  a r o ta t io n  about th e  o r ig in  befo re  we make our i n i t i a l  
tran sfo rm atio n . Now,
2 i t
—ibg
The d e r iv a tiv e  w i l l  be r e a l  and p o s it iv e  i f  we m u ltip ly  by ■ which
bobo
has ab so lu te  value 1 . Thus we a r r iv e  a t  th e  mapping fu n c tio n  
(5 -2 ) z = / «  z
^ Bo»l * 1
which we s h a l l  c a l l  z^ = f ^ f z ) .  f^Cz) maps Sq conform ally onto 8^ in
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Qq in  th e  Z]_-plane.
This mapping has th e  p ro p e rty  th a t  th e  d is ta n c e  from any p o in t of 
Sçj (0 excepted) to  th e  o r ig in  i s  l e s s  than th e  d is tan c e  from i t s  image 
p o in t to  th e  o r ig in . We may apply  th e  Schwartz Lemma to  the  fu n c tio n  
z = g(z^) given by (^ -2 ) ,  s in c e  g(z^) i s  re g u la r  except a t  z^ = 
which l i e s  o u ts id e  the  u n i t  c i r c le :
|-(B  ) - l |  -  > 1 , f o r  0 < Ib^l < 1.
2lb„l
Thus we have th a t  lg(z^)| ^ 1 o r |zI < IzJ. From th i s  i t  fo llow s th a t
i f  h^ i s  th e  s h o r te s t  d is ta n c e  from 0 to  th e  boundary of and h^ i s
th e  s h o r te s t  d is tan ce  from 0 to  th e  boundary of th a t  h^ < h^.
p
We now s e le c t  b^ an i n t e r i o r  p o in t of b u t an e x te r io r  o r 
boundary p o in t o f and form a fu n c tio n  analogous to  ( $ - 2 )  which 
c a r r ie s  in to  Sg and s im ila r ly  f o r  in to  Our general
mapping fu n c tio n  i s
- i¥ n  Zn+l + Bn ~2ibn
' A S  V n . l  * 1 ■ 1 -  b„b^
and f o r  corresponding p o in ts  of S^ and (0 excepted) we have
l^n+ll ^  l^nl and i f  hj  ̂ i s  th e  s h o r te s t  d is tan ce  from 0 to  th e  boundary 
o f 6^ we have hj^+i> h^.
For b^^ in  and an e x te r io r  o r  boundary p o in t of 5^ we s h a ll
p
re q u ire  th a t  as n in c re a se s  b^ w i l l  no t approach th e  boundary of
u n le ss  h^ approaches 1 . We can do th i s  by re q u ir in g  th a t  Ib^^l <
§{1 + h ^ ) . Thus we have a r r iv e d  a t  a fu n c tio n  which maps in to  in
Qq*
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Theorem; lim  h_ = h = 1 n ->00 ^
1 > h > h , T . hence lira  li = h ^ 1 . Consider n n -1  '  n-+oo "
\  "iT^n — ^ Vbjjbn ^^n
B = --------- = -  =   r  f o r  r  » Ib-I . I f  h <  1
‘* W /o  V n   ̂ * ’’n'>n  ̂ * 'n
th en  <  1 -  q f o r  some q]> 0 , b u t
/dzn+ i\ 1 + ih^   ̂ (1  -  rn)^ ^  ^
= 1 +   >  1 + e , e- = q /2 .
> 0  2 r„
' ■ ■ “ - e i e i " '  ( y
>  (1 + »)*.
0
Applying the  theorem (Ford t 1 , pp. 167-8 I )  due to  Bieberbach th a t :  
( th e  fu n c tio n  f ( z ) ,  a n a ly tic  w ith in  a c i r c le  of rad iu s  R and c e n te r  
a , maps th e  i n t e r i o r  of the  c i r c le  upon a reg ion  whose a rea  A 
s a t i s f i e s  the  r e la t io n  A ^  ir l f  * (a) I A need no t b e  f i n i t e  and
e q u a lity  holds i f  and only i f  f ( z )  = a^ + a ^ z .)  we get th a t  th e  a rea  
A^ o f th e  mapping in  the  z^-p lane s a t i s f i e s
(5-3) An  ̂ IT  Ifn’(0 )1 ^ 2  >  ^̂ (1 +
By ta k in g  n la rg e  enough (1 + becomes as la rg e  as we p lease  and
th u s An becomes as la rg e  as we p lease  which i s  im possible because A^
i s  in  Q . Thus we have a c o n tra d ic tio n . Hence lira h_ = h = 1 . o n-*oo “
Theorem: When n goes to  i n f in i t y  fn (z )  converges to  f ( z )  which i s
a n a ly tic  in  S^.
Consider D, a reg io n  which w ith  i t s  boundary i s  in  and which 
co n ta in s  th e  o r ig in .
^ = fn '(O ) >  1 , s in ce  IBqI <  1 , (see  (5 -2 ))
V z / z=0
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(1 -  rn)^1
^n '(O ) >  fn '( O ) '1 +
fn '(O ) i s  bounded by (5 -3 ) . Hence f ^ ' (0) approaches a l im i t  as n 
goes to  i n f in i t y  and hencej given q>  0 th e re  e x is ts  n such th a t  
l^n+ p '(^) " I q f o r  a l l  p = 1 , 2, 3, * * *. We now apply
th e  theorem (Ford E 1, pp. 178-9 3) th a t  sa y s ;(L e t D' be a plane
f i n i t e  reg ion  and l e t  D be a  subregion whose boundary c o n s is ts  of 
i n t e r i o r  p o in ts  o f D '. L et f ( z )  be an a n a ly tic  fu n c tio n  in  D* 
which i s  bounded, | f ( z ) |  -  C, and does n o t van ish  in  D’ . Then th e re  
e x i s t  p o s i t iv e  co n s tan ts  K^jK^, and K such th a t  i f  and are  any 
two p o in ts  w ith in  o r on th e  boundary of D,
K^lfCzg)!^ ^  lf(z^ )| ^ where and K depend
only on D ,D ', and C and are  independent of f ( z ) . ) .  Consider th e
fn+p(z) — fn (z )
fu n c tio n  ----    . I t  d o e s n 't  van ish  a t  0 o r  any o th e r
z
p o in t of Sq s in ce  If^+pl^)! ^  |f^ (z ) | . L et D' be a region  which
w ith  i t s  boundary i s  i n t e r i o r  to  and con tains D and the boundary
of D as i n t e r i o r  p o in ts . The fu n c tio n  i s  a n a ly tic  in  and on the 
boundary o f D '. Hence i t  tak es i t s  maximum value on th e  boundary
o f D ', On th e  boundary o f D ', lfn+pCz)| -  1 , |fj^(z)l -  1 and
Izl -  h ' where h ' i s  the s h o r te s t  d is tan ce  from 0 to  th e  boundary 
o f D’ . Hence f o r  any z in  D' and any n and p , (n = 0 ,1 ,2 ,  * * *; 
p = 1 ,2 ,3 ,  * • * ) 
fn+p(z) -  fn (z ) 2
^ " ,  . The co n d itio n s o f the  previous theorem areh
s a t i s f i e d ,  (tak e  z^ = z , Zg = 0 ).
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Kg I: fn + p '(0 )  -  f^ '(O )  where K, Kg are
a re  independent of n and p and th e  in e q u a li ty  holds f o r  a l l  z in  D.
When n i s  so chosen th a t  |f a + p '(0 )  -  f^'CO)! < q , we have 
Ifn^p(z) -  f^^(z)| ^ Kgq^'^^lzl ^ Kgq^^^, We can take q as sm all
as we p lease  and th e re fo re  lf^+p(z) -  f^Cz)! i s  as sm all as we p lease  
f o r  n la rg e  enough and a l l  p o s i t iv e  in te g ra l  p . S ince f^ (z )
converges un iform ly  in  D, th e  l im i t  fu n c tio n  f (z )  i s  a n a ly tic  in  D.
Since D may be chosen to  con ta in  any a r b i t r a r y  p o in t of i t  
fo llow s th a t  f ( z )  i s  a n a ly tic  a t  every  p o in t in  5^.
We s h a l l  now show th a t  f ( z )  maps 5^ onto the  i n t e r i o r  of Q^. 
Theorem: L et f ^ ( z ) ,  n = 1 , 2 , 3 , • • • , be a n a ly tic  in  a  reg ion  S
and continuous on th e  boundary, and as n goes to  i n f in i t y  l e t  f^ (z )  
converge uniform ly  to  f ( z )  in  th e  closed  reg ion  S. Let f ( z )  n o t van ish  
on th e  boundary. Then fo r  s u f f ic ie n t ly  la rg e  n > N, f^ (z )  and f (z )  
have th e  same number o f zeroes in  S.
We can draw a re g u la r  boundary C w ith in  S s u f f ic ie n t ly  c lose  to  the  
boundary of S th a t  on and o u ts id e  C in  S lf (z ) | > K > 0 . For 
s u f f i c ie n t ly  la rg e  n > N' (from uniform  convergence) |f ( z )  -  f^ (z ) |
<  K/2 on and o u ts id e  C which im plies I >  K/2. Then f ( z )  and
f^ (z )  have no zeroes in  S on o r o u ts id e  C. On C f^ (z )  converges 
uniform ly  to  f ( z ) .  The number of zeroes o f f ( z ) .
m 12Tri
f ' ( t )2̂ ^ ^ /d t .  The number o f zeroes o f f ^ ( z ) .
f n ' ( t ) . ,  1
--------- d t :  so m -  m_ = -----
f n  ( t )  ^  2iri
■ f ( t)  f a ' ( t )
f ( t )  f n ( t )
d t and by
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ta k in g  n la rg e  enough, say n  > N ^  N ' ,  we make th e  in teg ran d  le s s
th an  1/L where L i s  the  le n g th  o f C.
m -  nu < - i -  Idtl = < 1 and since  ra and are in te g e rs
^  2ttL j  2TIL ^
C
th ey  must be equal.
Now co n sid er an i n t e r i o r  p o in t o f Q^. Let = fp^(z) map 8^ onto 
®m | a | ,  then  S^, n > ra, co n ta in s  a and sin ce  the  mapping i s
o ne-to -one , f^ (z )  tak es  on th e  value a once and only once. Let Qĵ  be
a c i r c le  o f rad iu s  p about 0 , where lal < ç < h^. Qĵ  l i e s  in  Sĵ  and
co n ta in s  a . Let Cĵ  be th e  curve in  Sq which Zj^ = f^ (z )  maps onto
and l e t  C be any curve in  Sq en c lo sin g  0 ^ ,(0  re g u la r ) .
The fu n c tio n s , f^ ( z ) -  a, s a t i s f y  in  C the  convergence requirem ents 
o f th e  above theorem . The l im i t  fu n c tio n , f ( z )  -  a ,  does n o t van ish  
on C. z^ = f ^ ( z ) ,  n ^  m, maps C on a curve enc losing  so th a t ,  on
C, If^Cz) -  a |  > p -  lal and |f ( z )  -  a | > p -  la l . From the  above 
theorem i t  fo llow s th a t  f ( z )  -  a and f^ (z )  -  a have the  same 
number o f zeroes in  C. f ^ ( z )  -  a has one zero in  C im plies th a t  
f ( z )  -  a has one zero in  C. Hence f ( z )  tak es on a only once in  C and 
sin ce  C can be chosen to  enclose  any p o in t o f S^ i t  fo llow s th a t  f ( z )  
tak es  on th e  value a once and only once in  S^.
I t  may be noted th a t  f ( z )  tak es  on no value in  Sq on o r ou tside  of
Q^, s in c e , in  S, | f ^ (z ) |  < 1 im p lies th a t  | f ( z ) l  - 1  and i f  | f ( z ) |  = 1
a t  an i n t e r i o r  p o in t of Sq then  a t  some neighboring  p o in t | f(z)l  > 1 ,
which i s  in c e s s ib le .
Thus we f in a l l y  a r r iv e  a t  th e  Riemann Mapping Theorem: The
in t e r i o r  o f any p lane sim ply-connected reg ion  whose boundary c o n s is ts
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o f more than  one p o in t can be mapped conform ally upon the  i n t e r i o r  of 
th e  u n i t  c i r c le  Q^.
Theorem: I f  z ' = f ( z )  maps the  reg ion  S conform ally upon th e  u n it
c i r c le  then th e  most genera l fu n c tio n  mapping S onto i s
w = e^® , 0 ^ 0 2tt , la l < 1.
1 -  a f ( 2 )
This fo llow s from (3 -1 ) and the sta tem ent fo llow ing  i t  as w ell as 
th e  f a c t  th a t  w can be reso lv ed  in to  th e  two successive mappings ;
, , T Û a — z ' I I
z ' = f ( z )  and w = e : , 0 ^ 0 2ir lal  < 1 ;  th e  l a t t e r  being1 -  az '
a Moebius tran sfo rm atio n  o f the  c i r c le  onto i t s e l f .
C o ro lla ry  to  th e  Riemann Mapping Theorem: I f  S can be mapped
conform ally  onto then  th e re  e x is ts  one and only one mapping fu n c tio n  
ca rry in g  a given p o in t o f S in to  the  o r ig in  in  and a given 
d ir e c t io n  through z^ in to  a given d ire c tio n  through 0 .
L et 2 ' = f ( z )  be a fu n c tio n  mapping S onto then we can make the 
co n s tan ts  in
w = e^® ^ ~  ̂ . 0 -  0 -  2ir , laj < 1 , so th a t  2 = 0 f o r  z ' = z .
1 -  az ' °
By p ro p er choice o f 0 we can make a given d ire c tio n  a t  z^ correspond 
to  a given d ir e c t io n  a t  0 , L et z^ = f^ (z )  and Zg = f 2(z)  be two 
mapping fu n c tio n s  of 5 onto in  the  d es ired  way. Then
Zp = e^^ —-  , 0 ^ 0 -  2 m l a ^ l  < 1. When z = Zp , z^ = 0 and
1 — a^ z^
Zg = 0 , hence = 0 and we have Zg =-e^^(+z^) o r since we have a 
f ix e d  l in e a l  elem ent, 0 = 0 + TT, and hence the  fu n c tio n  i s  unique.
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Conclusion
We have been ab le  to  u t i l i z e  th e  concepts of d i f f e r e n t i a l  geometiy, 
p a r t i c u la r ly  Gaussian c u rv a tu re , to  lo g ic a l ly  develop a hyperbolic  
p lane  and a  hyperbo lic  m e tric .
By examining Moebius tran sfo rm atio n s  we have been ab le to  
c h a ra c te r iz e  the  r ig id  m otions of th e  hyperbo lic  p lan e .
The Bergman K ernel Function gives us a convenient to o l to  express 
a n a ly t ic a l ly  a hyperbo lic  geometry in  any bounded, sim ply-connected 
domain. Also i f  th e  k e rn e ls  f o r  any two domains are  known we can get 
th e  mapping fu n c tio n  alm ost im m ediately.
The Riemann Mapping Theorem gives us ano ther to o l  f o r  studying  
a  hyperbo lic  geometry in  an a r b i t r a r y  bounded, sim ply-connected domain. 
The p roof o f th i s  theorem given in  t h i s  paper i s  e s s e n t ia l ly  due to  
Koebe and i s  the  only one th a t  a c tu a l ly  c o n s tru c ts  th e  mapping fu n c tio n . 
I  w ish to  in v e s tig a te  f u r th e r  how f a s t  th e  s e r ie s  o f fu n c tio n s converges 
f o r  "non-patho log ica l"  domains.
Thus we have acqu ired  to o ls  f o r  studying  hyperbolic geometry in  
many domains.
- 3 0 -
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